Arrays of coupled semiconductor lasers are systems possessing radically complex dynamics that makes them useful for numerous applications in beam forming and beam shaping. In this work, we investigate the spatial controllability of oscillation amplitudes in an array of coupled photonic dimers, each consisting of two semiconductor lasers driven by differential pumping rates. We consider parameter values for which each dimer's stable phase-locked state has become unstable through a Hopf bifurcation and we show that, by assigning appropriate pumping rate values to each dimer, large-amplitude oscillations coexist with negligibly small amplitude oscillations. The spatial profile of the amplitude of oscillations across the array can be dynamically controlled by appropriate pumping rate values in each dimer. This feature is shown to be quite robust, even for random detuning between the lasers, and suggests a mechanism for dynamically reconfigurable production of a large diversity of spatial profiles of laser amplitude oscillations. arXiv:2001.08430v1 [physics.optics] 
I. INTRODUCTION
Laser arrays constitute a large family of nonlinear coupled systems which can exhibit a wide variety of complex dynamical behaviors. Although the emission from an individual unit is often stable, the coupled system can display synchronization, spatiotemporal collective phenomena [1] [2] [3] and also chaotic signals. [4] [5] [6] [7] . In recent years, there have been many studies concerning semiconductor lasers and their synchronization properties including the occurrence of chimera states [8] [9] [10] [11] . Moreover, there is an intense research interest in reconfigurable, multifunctional photonic devices that can be dynamically controlled.
Photonic devices consisting of coupled lasers are non-Hermitian systems that are known to have unique mathematical and physical properties that have no counterpart in Hermitian ones and possess great potential for technological applications in integrated photonics and active metasurfaces. A pair of coupled lasers constitutes a fundamental element for non-Hermitian optics which has recently been the subject of many investigations.
In this direction, the consideration of differentially pumped coupled lasers has revealed a new set of interesting dynamical features such as localized synchronization [12] , tunable oscillations [13] , existence of stable asymmetric phase-locked states [14] , exceptional points and * jonialdshena@misis.ru spectral transitions [15, 16] , as well as tailored modulation response [17] . In these studies, the asymmetry is due to inhomogeneous pumping as well as frequency detuning and results in carrier densities above and below threshold, and with gain and loss coefficients of opposite signs in each laser, so that the respective electric fields experience varying gain and loss. It has been shown that stable asymmetric states exist even in absolutely symmetric configurations and that states of arbitrary asymmetry can be achieved by appropriate selection of the detuning and pumping profiles. Beam forming and steering applications are also based on differentially pumped coupled lasers and have been recently investigated both theoretically and experimentaly [18, 19] . Therefore, the role of the current injection provides an efficient mechanism for the control of the phase-locked and the oscillatory states of the system under a rich set of alternative options in the parameter values of the system that facilitate practical applications.
In the present work, we investigate the collective behavior of a large array of evanescently coupled semiconductor dimers with nearest-neighbor interactions. The crucial parameters for the control of the dynamical features are the coupling, the optical frequency detuning between the lasers and the pumping rates. Among them, only pumping is dynamically controllable and can be used to control the spatial profile of the oscillation amplitudes of the electric fields across the array. We find that by applying appropriate pumping schemes, characterized by different values in different groups of lasers we can en-sure the coexistence of large amplitude oscillations for specific groups compared with negligibly small amplitude oscillations of other groups. Therefore, we show that we can dynamically generate different localization patterns in the same array, suggesting a reconfigurable mechanism with potential applications in multifunctional photonic devices.
II. THE MODEL
The dynamics of an array of coupled laser dimers is governed by the following rate equations for the slowly varying complex amplitude E j of the electric field of each laser, and the corresponding population inversion N j [10, 20, 21] :
where 1 ≤ j ≤ M , M being the number of lasers. The dimensionless time t and the population inversion decay time T are measured in units of the photon lifetime τ p . a is the linewidth enhancement factor resulting to amplitude to phase coupling. P j are the normalized pumping rates. η is the normalized coupling rate between neighboring lasers due to interaction through their evanescent fields [22] , and the normalized angular frequency ω j measures the detuning of each laser from a common reference values. Before proceeding to the investigation of the dynamics of a large array of coupled lasers, we consider the case of a single dimer to gain a better understanding of its dynamics. For equal pumping rates and in the absence of detuning, there exist two phase-locked states with 0 and π phase differences between the two electric fields, which are stable for η > aP/(1 + 2P ) and η < (1 + 2P )/2aT , respectively [23] .
To understand the effect of the coupling strength, we plot in Fig. 1 (a) a bifurcation diagram of the maxima and minima of the amplitudes of the electric fields when the lasers have equal pumping rates set to P = 1.5. Varying the coupling parameter, we see that a Hopf bifurcation to a stable limit cycle occurs at η = 0.00113. As the coupling is further increased, the limit cycle breaks into a period-doubling sequence with different amplitude for each individual laser. This leads to a slightly asymmetric limit cycle bifurcating from a symmetric one, even under symmetric pumping [13] .
Next, keeping the coupling strength at the steady state value η = 0.0005, we calculate in Fig. 1(b) and (c) a bifurcation diagram, varying P 2 with P 1 = 1.5 fixed. The steady state is now seen to undergo a reverse Hopf bifurcation at P 2 = 0.42. Below this value, the first laser demonstrates multiple harmonics with amplitudes of different magnitude corresponding to the same limit cycle [24] . Remarkably, the oscillation amplitude of the first laser is much smaller than that of the second one, as shown in Figs. 1 (b) and (c), respectively. Both lasers oscillate around mean values that correspond to a previously stable asymmetric phase-locked state. However, although the oscillations of the second laser have small mean values, they possess considerably larger peak-topeak amplitude values in comparison to the first one. This behavior is absent in the case of equal pumping and is crucial for the study of a large array of coupled dimers carried out in the next section. The asymmetry characteristics as well as the frequencies of such limit cycles at the Hopf points have been recently studied in Y. Kominis et al [13] .
Following the same steps as in the above analysis, it is instructive to plot in Fig. 2 similar bifurcation diagrams for a system of two coupled dimers with different pumping rates (P 1 = P 3 = 1.5 and P 4 = 1), keeping the coupling strength at the value η = 0.0005 and varying P 2 as a control parameter. For low values of P 2 a limit cycle exists with multiple harmonics, until P 2 = 0.82, where the Hopf bifurcation occurs. Beyond that value, the system regains stability of the steady state and remains stable as P 2 continues to increase up to P 2 = 1. Thus, through this choice of pumping parameters, it is shown that, in analogy to the previous case of a single dimer, the system as a whole supports an asymmetric localized oscillation where the second laser undergoes large oscillation amplitudes, whereas the other three oscillate with much smaller amplitudes for a large range of P 2 . A generalization of this effect to the case of a large array of coupled dimers is studied in the next section.
III. AN ARRAY OF COUPLED LASER DIMERS
Let as now turn to a large circular array of coupled diode lasers, with nearest neighbor coupling and inhomogeneous pumping distribution, as shown in Fig. 3(a) . The network is divided in two clusters with two interfaces, or in four groups where the elements of the first group are pumped with rates P I j = 1.5 for j ∈ [1, 3, 5...M/2 − 1], the elements of the second group have P II = 0.4 for j ∈ [2, 4, 6...M/2], in the third group
To reveal its dynamics we integrate Eqs.(1) using a fourth order Runge-Kutta algorithm, and employ initial conditions with random phases taken from a uniform distribution over the interval [−π to π], as well as random amplitudes and inverse populations. In all the numerical calculations we have performed in arrays consisting of 200 lasers, we have not observed any dependence on initial conditions. In Fig. 3(b) , we plot snapshots of the amplitude of the electric field for an array of M=200 lasers with inhomoge- neous pumping distributed as in Fig. 3(a) , after a sufficiently long time t = 2 * 10 5 to show the system's response after transient effects. The coupling strength between the neighbors is equal to η = 0.0005. The present system represents an extension of the four laser model depicted in Fig. 2 . Under the applied distribution of pumping rates, the lasers of group II (blue color) support large ampli-tudes whereas the remaining groups demonstrate small amplitudes very close to the steady state.
Snapshots of complex electric field distributions for every particular group are shown in Fig. 4(a) . The behavior is similar to that of the four coupled lasers where the second cluster attains large field amplitudes, while the other three oscillate close to the steady state. In Fig. 4(b) we display the magnitudes and phases of these states depicted in the complex plane. Evidently, groups I, III and IV exhibit small amplitude oscillations, whereas group II undergoes large amplitude oscillations. Groups III, IV have a smooth amplitude distribution in sharp contrast to groups I, II. All groups have randomly distributed phases. Extrema of the electric field amplitudes |E| for each individual group (I), (II), (III) and (IV) seen in Fig. 3 and for the same parameters are shown in Fig. 5(a) , (b), (c) and (d) respectively. In the first group (I) ( Fig.   5 (a)) we have double local extrema, except for the sites close to the second cluster, which are interacting with the groups (III) and (IV). The second group (II) ( Fig. 5(b) ) undergoes oscillations with single maxima and minima. Finally, group (III) and (IV) (Fig. 5(c) and (d) ) undergo oscillations with very small amplitude that slightly increases for sites close to the first cluster which are interacting with the groups (I) and (II).
Regarding the spectral content of the oscillations of each group, shown in (Fig. 6 ), both groups (I) and (II) have the same fundamental frequency which is close to the free-running relaxation frequency of the group (II), given as Ω II R = 2P2 T , and also have a second spectral peak close to 2Ω II R , which is also very close to Ω I R = 1.94Ω II R for the specific choice of pumping parameters. However, the relative power of the two spectral components is reversed in the two groups of lasers.
In order to investigate the phase coherence of each group in time, we calculate the radius of the complex order parameter [25] 
where N is the number of lasers in each group and φ j the phase of the jth laser. If the group is coherent in phase, we have r(t) 1. On the other hand, if the group is incoherent, then r(t) 0. In Fig. 7(a)-(d) we present the order parameter for groups (I), (II), (III) and (IV) oscillating as in Fig. 3 respectively. The oscillations of the order parameter for all the groups under 0.5 indicate the lack of phase synchronization between the lasers of each group as also shown in the snapshot of Fig. 4 .
To estimate the spatial coherence of the electric field amplitudes under time evolution, we use, as an appropriate quantity, the local curvature of the electric field amplitude distribution within each laser group calculated for a sufficiently long time interval of 2 * 10 5 [26] . This is done by applying the discrete Laplacian DE on the spatial data of the amplitude of the electric field as follows:
(3) Figure 8 shows the spatio-temporal evolution of the absolute values of the local curvature in logarithmic scale corresponding to the oscillations shown in Fig. 3(b) . The local curvature, properly rescaled with respect to its maximum and minimum values, is shown to be significantly larger for group (II) in comparison to other laser groups. This particular behavior holds for any system size and suggests the possibility of achieving control of spatial patterns of large and small oscillations.
In all previous calculations, it has been assumed that the frequency detuning between all lasers is equal to zero. However, we have carried out an extensive study of what happens in the presence of detuning as follows: In Fig. 9 , the temporal evolution of the local curvature is presented for the electric field amplitudes shown in Fig. 3(b) , where the detunings ω j have been chosen from a normal random distribution with mean zero and standard deviation equal to σ ω = 3η. Note that, a proper consideration of the level of detuning, has to be made in relation to the coupling strength [27, 28] . In comparison to Fig. 8 , it is evident that all the qualitative characteristics of oscillation amplitude behaviors are quite robust even under the presence of strong random detuning.
As an example of extremely localized oscillations, we consider the case where only one laser of the array exhibits large amplitude oscillations, while all other lasers of the system are close to a steady state. Such a configuration is schematically presented in Fig. 10(a) , where all lasers are assigned pumping rate values alternating between P = 1.5 and P = 1.0 except the central laser which has P = 0.4. Under this pumping distribution, Fig. 10(b) displays a snapshot of the electric fields for the whole system, where the middle laser undergoes "breather-like" localized oscillations [29, 30] . The temporal evolution of the local curvature corresponding to this configuration is plotted here in Fig. 10(c) . The coupling strength η = 0.0005 is sufficient to induce large amplitude oscillations for the middle laser, while the remaining part of the system is unaffected by the middle laser's oscillations.
One might conclude from the above simulations that the pumping rate can induce a kind of "localization effect" in the dynamics of the system. If, in a specific dimer, the first laser is pumped at a high enough rate compared with the second one, the latter can oscillate with large amplitudes without disturbing significantly the former, due the large pumping difference between them. On the other hand, if the pumping difference is small, both of them will oscillate with comparable amplitudes. Finally, if both of them have pumping rates in the regime preceding the Hopf bifurcation point, no oscillations are observed and the system remains in the steady state. This behavior appears to hold even for a large array of coupled dimers. More precisely, using appropriate coupling values, we can control the spatial pattern of amplitude oscillations spatial pattern of our dimers by controlling the distribution of pumping rates over the whole chain.
IV. CONCLUSIONS
In conclusion, we have shown that a priori selected spatially localized oscillations patterns can take place Fig. 3 . For small oscillation amplitudes close to the steady state, as in groups I, III and IV, the local curvature, properly rescaled with its max and min, is lower than 10 −4 , indicating very uniform amplitude distributions, in contrast with the large amplitudes case II, where the local curvature takes values close to unity. All the other parameters are as in Fig. 3 .
in a large array of active asymmetric photonic dimers, driven externally by judiciously choosing the pumping rates of the lasers in each dimer. The spatial profiles of the oscillation amplitudes can be dynamically controlled by pumping distributions to generate desired patterns for oscillation amplitudes of the electric fields of the lasers. More generally, we have shown that it is possible to achieve a wide variety of combinations of large amplitude oscillations with small field variations about unstable steady states, which remain localized for all time. Fig. 8 , in the presence of detuning. The detunings ωj for all four groups are chosen from a normal random distribution with mean zero and standard deviation σω = 3η. The behavior of the system is similar with that shown in Fig. 8 , implying that the coexistence of small and large oscillations remains robust even for a large values of detuning. All other parameters are as in Fig. 3 .
However, even though the mechanism we have presented is capable of controlling the amplitudes, the phases of the electric fields remain, in general, uniformly distributed. The dynamical behavior of the system is also shown to be robust under different initial conditions, random frequency detuning and system size.
Thus, we have demonstrated that spatial controllability of the oscillation amplitude profile of large arrays of coupled laser dimers can be achieved by appropriately selecting electrical pumping rates, which is the most conve- niently accessible control parameter in chip scale diode systems. We believe that the controllability strategies presented in this work suggest a mechanism for multifunctional and reconfigurable photonic devices with multiple technological applications. 
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